Abstract. We investigate the general solution of the following functional equation and the generalized Hyers-Ulam-Rassias stability problem in quasi β-normed spaces and then the stability by using alternative fixed point method for the following quintic func-
Introduction
More than a half century ago, Ulam [23] proposed the famous problem concerning the stability of group homomorphisms as follows:Let G 1 be a group and let G 2 be a metric group with the metric d(·, ·). Given ε > 0, does there exist a δ > 0 such that if a function h : G 1 → G 2 
satisfies the inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G 1 then there is a homomorphism H : G 1 → G 2 with d(h(x), H(x)) < ε for all
x ∈ G 1 ? In other words, when is it true that a mapping satisfying a functional equation approximately must be close to the solution of the given functional equation ? In 1941, Hyers [9] considered the case of approximately additive mappings under the assumption that G 1 and G 2 are Banach spaces.
The famous Hyers stability result that appeared in [9] was generalized by Aoki [1] for the stability of the additive mapping involving a sum of powers of p-norms. In 1978, Rassias [16] provided a generalization of Hyers' Theorem for the stability of the linear mapping, which allows the Cauchy difference to be unbounded. He considered a mapping f :
for all x , y ∈ X , where ε ≥ 0 and 0 ≤ p < 1 . This theorem was later extended for all p = 1 and this result of Rassias lead mathematicians working in stability of functional equations to establish what is known today as Hyers-Ulam-Rassias stability or Cauchy-Rassias stability as well as to introduce new definitions of stability concepts. During the last three decades, several stability problems of a large variety of functional equations have been extensively studied and generalized by a number of authors [2] , [5] , [12] , [6] , [7] , [10] , [17] , [11] , [18] , [19] , and [20] . In particular, Cho and et al. [4] introduced the quintic functional equation
It is easy to see that f (x) = x 5 is a solution of (1.1) by virtue of the identity
For this reason, (1.1) is called a quintic functional equation. Also Xu and et al. [24] , Gordji and et al. [8] and Park [14] introduced a quintic mapping and sextic mapping.
We will use the following definition to prove Hyers-Ulam-Rassias stability for a quintic functional equation in the quasi β-normed space. Let β be a real number with 0 < β ≤ 1 and K be either R or C . Definition 1.1. Let X be a linear space over a field K . A quasi β-norm || · || is a real-valued function on X satisfying the following statements:
(1) ||x|| ≥ 0 for all x ∈ X and ||x|| = 0 if and only if x = 0 .
In this case, a quasi β-Banach space is called a (β, p)-Banach space; see [3] , [21] and [15] .
In this paper, we deal with the following the functional equation:
for all x, y ∈ X . We investigate the general solution of the functional equation and generalized Hyers-Ulam-Rassias stability problem in quasi β-normed spaces and then the stability by using a alternative fixed point method for the function f : X → Y satisfying the equation (1.2).
Quintic functional equations
In this section let X and Y be vector spaces and we investigate the general solution of the functional equation (1.2). Some basic facts on n-additive symmetric mappings can be found in [24] . 
Hence f is an odd mapping. Putting y = 0 in the equation (1.2), we get f (2x) = 32f (x) , for all x ∈ X . Hence we have
for all x ∈ X and n ∈ N . Note that f (x) = 1 32 n f (2 n x) , for all x ∈ X and n ∈ N . Now, letting x = y in the equation (1.2), we have f (3x) = 243f (x) for all x ∈ X .
On the other hand, we can rewrite the functional equation (1.2) in the form
for all x ∈ X . By [24, Theorem 3.5 and Theorem 3.6] f is a general polynomial function of degree at most 5, that is, f is of the following form 
for all x ∈ X . By (2.1) and A n (rx) = r n A n (x) whenever x ∈ X and r ∈ Q , we obtain
for all x ∈ X , where A 5 (x) is the diagonal of the 5-additive symmetric map A 5 : X 5 → Y . We note that
for all x , y ∈ X and a , b ∈ Q . The remains of the proof can be easily checked.
Stabilities
Throughout this section, let X be a quasi β-normed space and let Y be a quasi β-Banach space with a quasi β-norm || · || Y . Let K be the modulus of concavity of || · || Y . We will investigate the generalized Hyers-Ulam-Rassias stability problem for the functional equation (1.2). For a given mapping f : X → Y , let
Theorem 3.1. Suppose that there exists a mapping φ :
and the series
Then there exists a unique quintic mapping Q : X → Y which satisfies the equation (1.2) and the inequality
Proof. By letting y = 0 in the inequality (3.1), we have
for all x ∈ X . For any positive integers n and m with n > m ,
for all x ∈ X . As n → ∞ , the right-hand side in the inequality (3.6) close to 0. Hence { for all x ∈ X . By letting m = 0 in the inequality (3.6), we have
for all x ∈ X , n ∈ N . As n → ∞ in the inequality (3.7),
for all x ∈ X . It satisfies the inequality (3.2). Now, replacing x and y by 2 n x and 2 n y respectively and dividing by 32 βn in the inequality (3.1) , we have 1
for all x, y ∈ X . By taking n → ∞ , the definition of Q implies that Q satisfies (1.2) for all x, y ∈ X , that is, Q is the quintic mapping. Next, it remains to show the uniqueness. Assume that there exists T : X → Y satisfying (1.2) and (3.2). The Theorem 2.1 implies that T (2 n x) = 2 5n T (x) and Q(2 n x) = 2 5n Q(x) , for all x ∈ X . Then
for all x ∈ X . By letting n → ∞ , we immediately have the uniqueness of Q . ||f
Proof. If x is replaced by 1 2 x in the inequality (3.3), then the proof follows from the proof of Theorem 3.1. Now, we will investigate the stability of the given qurtic functional equation (1.2) using the alternative fixed point method. Before proceeding the proof, we will state the theorem, the alternative of fixed point.
Theorem 3.4 ( The alternative of fixed point [13] , [22] ). Suppose that we are given a complete generalized metric space (Ω, d) and a 
Proof. We will use the same notation for Ω and d as in the proof of Theorem 3.5 and then we define a function T : Ω → Ω by 
